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Abstract: The validity of the macroscopic Donnan model for polyelectrolytes
in an electrolyte solution is examined by taking into account the effects of the
varying potential distribution across the boundary between a polyelectrolyte
and the surrounding solution, using the composite Poisson-Boltzmann equa-
tions for the polyelectrolyte interior and the surrounding solution. Calculations
are made for a planar polyelectrolyte of thickness 2d and a planar polyvelec-
trolyte layer of thickness 4 covering a rigid surface, both showing the identical
potential distribution. A simple expression for a correction factor for these
effects is derived which enables to evaluate various corrected quantities in the
polyelectrolyte interior such as the average potential, the average ionic concen-
tration, the average degree of dissociation and the apparent dissociation con-
stant of ionizable groups in the polyelectrolyte. It is found that when xd » 1
(where x indicates the Debye-Hiickel parameter) the macroscopic Donnan
model can safely be applied, while as xd decreases the effects of the varying
potential distribution become appreciable.
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1. Introduction

When charged polyelectrolytes are immersed in
an electrolyte solution, the macroscopic potential
difference is established between the polyelec-
trolyte interior and the external electrolyte solu-
tion. The distribution of electrolyte ions between
these two regions has often been treated by
a two-phase model, or the macroscopic Donnan
model [1-10], where the potential of the polyelec-
trolyte interior phase, measured relative to the
external solution phase is called the Donnan po-
tential. The thermodynamic expression for the
Donnan potential is derived from the equilibrium
condition for the distribution of small mobile
ions, which can exist in both phases, that is, by
equating the electrochemical potentials of these
lons in the two phases. Marinsky and coworkers, in
particular, have recently proposed computational
procedures to estimate the volume of the internal
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region of a polyelectrolyte by use of the polyelec-
trolyte-counterion binding equilibria as a probe
[3-10].

Even though it has been shown that the macro-
scopic Donnan model can be used for the analysis
of complexation equilibria in systems of not only
cross-linked polyelectrolytes but also linear poly-
electrolytes [9, 10], the definition of the phase
boundary still remains arbitrary. Owing to the
thermal motion of the electrolyte ions, the poten-
tial actually varies continuously (or essentially
exponentially) across the polyelectrolyte/solution
boundary (see Fig. 1). In a model taking into
account the effects of this potential distribution,
that is, the microscopic Donnan model, the poten-
tial distribution is given by solving the composite
Poisson-Boltzmann equations for the polyelec-
trolyte phase and the external solution phase
{11-12]. The microscopic Donnan model has been
developed also in the problems of the potential
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Fig. 1. A planar polyelectrolyte of thickness 2d (a) and
a planar polyelectrolyte layer of thickness d adsorbed on
a rigid surface. (b). Y pox = Donnan potential and i, = sur-
face potential

distribution across ion-penctrable membranes
[13-15] and the electrophoresis of biological cells
[16].

In the present paper we treat planar isolated
polyelectrolytes or polyelectrolytes adsorbed on
the surface of a rigid particle in an aqueous solu-
tion containing electrolytes. In the polyelectrolyte
interior, ionizable groups are assumed to be
uniformly distributed. The composite Poisson—
Boltzmann equations are applied to inside and
outside the polyelectrolyte. We derive simple ana-
lytic expressions for average quantities within
a polyelectrolyte and evaluate the validity of the
macroscopic Donnan model.

2. Basic equations

Imagine isolated polyelectrolytes or polyelec-
trolytes adsorbed on the surface of a rigid particle

in an aqueous solution containing 1:1 symmetri-
cal univalent electrolytes. Let n (in units of m ™)
be the total bulk number density of salt cations
plus H* ions and that of salt anions plus OH~
ions. As a model for polyelectrolytes, it may be
most appropriate to consider cylindrical or
spherical geometry. In the following, however, we
consider for simplicity a planar model. That is, we
deal with a planar polyelectrolyte of thickness 2d
(see Fig. 1(a)) and a planar polyelectrolyte layer of
thickness d covering the rigid particle core (see
Fig. 1(b)). We assume that univalent acidic dis-
sociable groups of infrinsic dissociation constant
K are distributed at a uniform density N within
the polyelectrolyte. We take an x-axis in the direc-
tion of the polyelectrolyte thickness with its origin
at the mid-plane in the polyelectrolyte (Fig. 1(a))
or at the surface of the particle core (Fig. 1(b}). For
the system shown in Fig. 1(b), by symmetry we
need to consider only the region 0 < x < d. Note
that the potential distribution in the region
0 < x <d in Fig. 1(a) is identical to that in the
region 0 < x < d in Fig. 1(b) so that the following
formulation is applicable to both systems in Figs.
1(a) and 1(b). In Fig. 1(b) the effects of the internal
field within the particle core (in the region x < 0)
are assumed negligible. We assume that the poly-
electrolyte is permeable to small mobile ions (elec-
trolyte ions, H™ and OH ™). Also, we assume that
these small mobile ions obey a Boltzmann distri-
bution and the electric potential y(x) (relative to
the bulk solution phase, where y(x) is set equal to
zero) for the regions x > d and 0 < x < d satisfies
the following composite Poisson~Boltzmann
equations:

d*y  2en . . ey(x)

dx? &g sinh kT ° x>d, .

d*y  2en . ef(x)  pex(x)

—d-y—cj—g,gOSl h—ﬁ—— % £o , O<x<d.
2)

In Egs. (1) and (2) e is the elementary electric
charge, ¢, is the relative permittivity, e, is the per-
mittivity of a vacuum, k is the Boltzmann con-
stant, T is the absolute temperature and pg;y(x)
is the fixed-charge density resulting from the dis-
sociation of acidic groups distributed in the
polyelectrolyte. Here, we have assumed that the
relative permittivity e, is the same for both the sur-
rounding solution phase and the polyelectrolyte
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interior. From the mass action law for the dis-
sociation reaction of acidic groups AH, viz,
AH = A~ + H7, it follows that the number den-
sity N ~(x) of dissociated acidic groups A~ is
expressed as

N " {x) = a(x)N = —ivm—,
1+ nu(x)
K

where «(x) is the degree of dissociation of the
acidic groups at position x and ny(x) is the num-
ber density of H* ions at position x. Since we
assume a Boltzmann distribution for H™ ions, viz.,

() = nﬁexp[ - M} , )

O<x<d, (3)

kT

where ng is the bulk number density of H™ ions,
then Eq. (3) becomes

N

N {x)= , O<x<d,
¥ 1 +n—aexp _er)
K kT
(5)
and a(x) is expressed as
a(x) = L 0<x<d.(6)

Lo 7]

The charge density pgi(x) = —eN " (x) is then
given by

14

eN

ix{X) = — , O0<x<d,
K kT

(7)

Note that the degree of dissociation a(x), the num-
ber density N ~(x) of dissociated acidic groups
A7, and the charge density ps;,(x) are all functions
of position x. By substituting Eq. (7) into Eq. (2),
the Poisson—-Boltzmann equation for the polyelec-
trolyte interior is rewritten as

d*y  2en . . ep(x)
dx? &g sinh kT
+ 1 eN
&80 4 +ﬁ§e ey |
K kT

The Donnan potential of the polyelectrolyte in-
terior is defined as the potential value that makes
the right-hand side of Eq. (8) zero, viz.,

., eYpon N 1 _
A P p[_e¢mm}"

0,

1 _
TR kT

©)

which can also be derived by equating the electro-

chemical potential of mobile ions in the region

where the potential equals the Donnan potential

with that in the external bulk solution phase.
The boundary conditions for (x) are

Yd—0)=y(d+0), (10)
dy _dy

o N y
lp(x)QOand%ﬁOasxﬁoo, (12)

dx
and
dyr B
i T 0. (13)

Equation (13)is a result of symmetry of the system
shown in Fig. 1(a), while in the system in Fig. 1(b)
it corresponds to the assumption that the fields
inside the particle core are negligible.

The coupled equations (1) and (8) subject to the
boundary conditions (10)—(13) completely deter-
mine the potential distribution y(x) in the whole

region for both systems shown in Figs. 1(a) and
1(b).

3. Numerical calculation and approximate
expression for potential distribution

We introduce the dimensionless potential

ey
y=1, (14
then the Poisson—-Boltzmann equations (1) and (8)
become

d*y

e x*sinh y,

x>d, (15)
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dZ - n
TY_ i sinhy 4o ! , Y =30 + Y Akx)™ 0<x<d, (1)

n ng n=1
1+ —exp(—
K (=) with
0<x<d, (16) 1 d*y
e I 2

where @m)lee" dx | = 4o -
Ine? \ 112 where we have used the fact that all terms with the
K= (a e kT) (17)  odd power of xx vanish, which can be proven

is the Debye-Hiickel parameter. The Poisson—
Boltzmann equation (15) for the external solution
phase (x > d) subject to the boundary condition
(12) is readily integrated to yield [17]

& _ -—szinh@), x>d.

dx (18)

Further integration of Eq. (18) gives [17]

using Eq. (13). The coefficients 4, can be obtained
from Eq. (16) (for n = 1) and by successive differ-
entiation of Eq. (16) (for n > 2). The explicit ex-
pressions for 4, (n = 1-4) are listed below:

A, =B,/2 (23)
A, = B,B,/24 (24)
A; = B1(3B,B; + B2)/720 (25)

. ey — 26
J() =2In (1 +tanh(y,/4)-exp[ —ix(x d)]>, (26)
1 —tanh(y,/4) -exp[ —x(x —d)] where
with By =sinh y(0) + n ; (27)
L+ exp( = y(0))
ey _eyl(d) K
Ys = k_T = kT H (20) no
. . — exp(— ¥(0))
where , = y(d) is the surface potential of the B (0 N K
polyelectrolyte, i.e., the potential at the boundary 2 = coshy(0) + n nd 2
x = d between the polyelectrolyte and the sur- [1 + *IZGXP( —y(0))
rounding solution and y, = y(d) is the dimension-
less surface potential. On the other hand, solving (28)
ng ny
N oP(— y(on[l — 2 oxp(— y(O»}
B; = sinh y(0) — n 3 3 (29)
[1 + 5 oxXp(— y(@)]
nO 4710 nO 2
N & SP(—y(0) [1 — ¢ exp(= y(0) + {E exp( — y(O))} }
B, = coshy(0) + — (30)

the Poisson-Boltzmann equation (16) for the
polyelectrolyte interior requires numerical calcu-
lation. It is most convenient to use the Taylor
expansion series of y(x) around x = + 0

2n ny 4
[1 + EGXP( - )’(0))}

By evaluating the values of y and dy/dx at x =d
from Egs. (19) and (21) and matching them via the
boundary conditions (10) and (11), we can obtain
simultaneous equations for y(0) and y(d). Using
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the obtained values of y(0) and y(d), we can
calculate y(x) by again using Eqgs. (19) and (21).

Although this numerical procedure is not diffi-
cult, it is inconvenient to calculate various quant-
ities relating to the potential distribution y(x) in
the polyelectrolyte. We thus here employ a
method of “quasi-linearization” in order to find
an approximate solution for the polyelectrolyte
interior (0 < x < d), as will be shown below. By
putting y(x) = ypon + 4y(x), Ypon = e¥pon/kT
being the dimensionless Donnan potential, and
linearizing Eq. (16) with respect to Ay(x), we
obtain

d*Aay

‘d—z— 0<x<d,
X

= Knd Y, €2y

where

Km = K[COShypon — (1 — OCDON)Sinhy'DON]l/2 )
(32)

and

1

(33)

UpoN = 0

, .
I+ kﬂ exp( — Ypon)

Here, x,,, can be interpreted to be the Debye-Hiickel
parameter of the polyelectrolyte interior and
apon 1s the degree of dissociation in the region
where the potential W(x) (or y(x)) equals the
Donnan potential ypon (0r ypon). Equation (32)
shows that k., is always greater than x. In terms of
Ypon and apon, Eq. (9) is rewritten as

) N
sinhypon + 7= tpon =0, (34)

2n

which is a transcendental equation for ypon. In
the present case, where the polyelectrolyte-fixed
charges arise from dissociation of acidic groups,
Ypon 18 negative. In the special case of apon = 1,
Eq. (34) reduces to

N
- inh { —
arcsin (2}’[)
N N 2 1/2
—1 i -

Ypon

(35)

The solution to Eq. (31) subject to the boundary
conditions (10) and (13) 1s given by

_ cosh(xx)
Ay(x) = (¥s = Ypon) cosh(e,d)’ 0<x<d,
(36)
or
_ cosh(i,, x)
y(xX) = ypox + (¥s — Vpon) cosh(ic,d) ’
0<x<d. (37)

The value of i, (or y.) can be determined as
follows. Evaluating Eq. (18) at x = d and equating
the result with the derivative of Eq. (37) at x =4
(Eq. (11)) yields the following transcendental
equation for y,:

(¥s — ypon)kmtanh(xkyd) = — 2icsinh(y,/2) .

(38)
If |yl/2 is small, then Eq. (38) can be further
simplified by approximating sinh(y,/2) by y,/2.
This approximation does not lead to serious
errors, because it is not required that | ypon/| is also

small. Equation (38) is then approximated by

(Km/Kk)tanh(k,d)
s = Ypon -
1 + (kn/x)tanh{k,d)

Substituting Eq. (39) into Eqs. (36) and (37) yields

(39)

Ap(x) = — Ypoon cosh(xmx)
YW= (km/x)tanh(x,d) cosh(x,d)’
0<x<d, (40
and
¥(x) =ypon l:l
_ 1 cosh(x, x)
1 +(xm/x)tanh(x, d) cosh(x,d) |’
O0<x<d. 41

Equation (41) is the required approximate expres-
sion for the potential distribution within the poly-
electrolyte. The accuracy of Eq. (41) is quite good,
as will be described later. The following analyses
will be based on Eq. (41).



808

Colloid and Polymer Science, Vol. 272 - No. 7 (1994)

4. Results and discussion

According to the macroscopic Donnan model,
the internal region of polyelectrolytes is regarded
as a uniform “polyion domain” or “Donnan
phase” so that the potential everywhere in this
region equals the Donnan potential. Actually,
however, the potential in the polyelectrolyte in-
terior is not uniform but varies near the polyelec-
trolyte/solution boundary, as schematically
shown in Fig. 1. We have derived a simple ap-
proximate expression for the potential distribu-
tion in the polyelectrolyte interior (0 < x < d)
(Eq. (41)). Figure 2 shows an example of the po-
tential distribution y(x) as a function of xx for
kd=5 and ypox= — 0.5, —1 and —2 cal-
culated from Eq. (41) for the polyelectrolyte in-
terior and from Eq. (19) for the external solution.
It is seen that the potential y(x) tends to the
Donnan potential ypoy for the respective cases in
the deep interior of the polyelectrolyte, but varies
over some distance of order x(x > d) or order
k(0 < x < d) on both sides of the boundary be-
tween the polyelectrolyte and the surrounding
solution. One must take into account this po-
tential distribution y(x) unless xd > 1, as shown
below.

The average value over the polyelectrolyte in-
terior, ie., the region 0 < x < d for an arbitrary

/

Solution

Polyelectrolyte

5 10

0 Kx
Fig. 2. Potential distribution (x) inside and outside
a planar polyelectrolyte of scaled thickness xd = 10 or an
adsorbed polyelectrolyte layer of scaled thickness xd = 5 for
several values of ypon at apon = 1. Curves: 1, ypon = — 0.5
(N/n=1.04) 2, ypoxn= — 1 (N/n=235); 3, ypox= —2
(N/n = 7.25)

function f(x) is calculated via

(F0> =51 f()dx )
0

We give below the average values of several func-
tions of x:

a) Average potential

Substituting Egs. (40) and (41) into Eq. (42), we
have

_ YpoN tanh(kyd)
AN = — I T tanh(end)  wyd
(43)
and
{y(x)> =Ypon [1
1 tanh(x,d)
1 +(kp/K)tanh(kpnd) Kmd |
(44)
or
(Y (x)> =¥pox [1
1 tanh(Kmd)J
1 +(km/K)tanh(kmd)  Kmd |
(45)

The effects of the potential distribution within the
polyelectrolyte are characterized by the ratio of
the average potential to the Donnan potential,
viz.,

f(ypon,d) = S48
DON
_ Yoon + (Ay(x)) _ 1
Ypon
1 tanh(x,d)
T 1+ (/6 tanh(knd)  Kmd
(46)

which is a function of ypon and d.
The case of f(ypon, d) = 1 corresponds to the
simple Donnan model, which ignores the potential
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distribution across the polyelectrolyte/solution
boundary. Figure 3 shows the dependence of
f(¥pon, d) upon kd for various values of ypoy for
the simple case where apon = 1. We see that in the
limit kd — oo, the simple Donnan model (ie.,
f(ypon, d) — 1) exactly results and for xd > 1 the
macroscopic Donnan model is a good approx-
imation. With decreasing kd, however, the value
of f(ypon, d) decreases, tending to zero, so that
the deviation from the macroscopic Donnan
model becomes appreciable. That is, for small xd
one should take into account the potential dis-

tribution inside the polyelectrolyte. When
d = 10nm and n = 0.1 M, for instance, in which
case 1l/k=1nm (ie, xd=10), we obtain

f(ypon, d) = 0.95. If, however, the electrolyte con-
centration is decreased to n = 0.001 M, then xd
becomes 1 so that f( ypon, d) is decreased down to
0.5, implying the considerable effects of the poten-
tial distribution inside the polyelectrolyte. Note
that for kd — 0, the Donnan model becomes inap-
propriate because the potential inside the poly-
electrolyte never takes the value of the Donnan
potential even approximately.

Figure 3 also shows the corresponding exact
numerical results. The accuracy of Eq. (46), which
is based on Eq. (41), is good. The error of Eq. (46)
relative to the exact numerical solution is less than
5% for xd > 1. Even at xd = 0.5, the error is
about 15%.

O I 1 0
0 2 4 6 8 10
Kd

Fig. 3. Correction factor f(ypon, d) defined by Eq. (46) as
a function of xd for several values of the dimensionless
Donnan potential ypoy at opox = 1. Curves: 1, ypon = — 0.5
Nin=104); 2, ypon= —1 (N/n=235); 3, ypox= —2
(N/n = 7.25). The corresponding exact numerical results are
also shown as dashed lines

b) Average concentrations of univalent cations and
anions

We calculate the average concentrations of ca-
tions and of anions as

(n* (x)> = ndexp(T y(x))>
= n<exp(F (yoon + 4y(x))>
~ nexp(F ypon)(1F {4y(x)>)
= nexp(+ yoon)[1+ ypon
x(1 = f(ypon, d))] . (47a)
~nexpl + yoonS(Yoon,d)] . (47b)

Note that Eq. (47b) equals exp(F <{y(x)>), that is,
in the present approximation (based on the lin-
earization with respect to 4y(x) = y(X) — Ypon)s
<exp(TF y(x))) coincides with exp(F <{y(x)>). The
product {n* (x)>d represents the total amount of
mobile cations or anions trapped (or purely elec-
trostatically bound) in the polyelectrolyte interior
0<x<d).

c) Average degree of dissociation

The degree of dissociation « is a function of
position x so that its average is calculated as

1

{ux)y =

ng

1
T

exp( — y(x))

1

4

ni
14+ X exp( —ypon)[1 —4y(x)]

N 1
1+ —I?H exp( — Ypon)
ng
K exp( — Ypon)
. [1 5 <Ay(x)>}
H
14+ Ve exp( — Ypon)
= apon [l — (1 — apon) Vpon
X {1 —f (¥pons d)}] . (48)
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Note that in the present approximation we
have

)y = gt )
1+ exp( = <y(9))

d) Apparent dissociation constant

The apparent dissociation constant K,,,
is related to the average degree of dissociation
{a(x)> and the intrinsic dissociation constant
K as

1 1
<OC()C)> = nl(-)[ = ng s
L+ exp(—= <)) 1+ Ko
(50)

which gives

Kapy = Kexp({y(x)>)

or, equivalently,

10°PX = exp[ — ypon S (¥pon>d)] . (53)

In this way the average value of an arbitrary
quantity over the polyelectrolyte interior can be
expressed in terms of the correction factor
S (ypon., d) (Eq. 46)).

Finally, we derive a relationship between the
polyelectrolyte thickness d, the above corrected
quantities and the total amount of the fixed-
charges in the polyelectrolyte layer, M = Nd. The
value of d corresponds to the volume of a planar
polyelectrolyte, and equals the amount of sol-
vent uptake by the polyelectrolyte. Marinsky,
Miyajima, and coworkers have derived an expres-
sion for the volume of a polyelectrolyte on the
basis of a macroscopic Donnan model modified
with introduction of the practical osmotic coeffi-
cient of the polyelectrolyte [4, 5, 8-10]. We now
derive an equation for d, expressed in terms of

f(¥pon, d).

= Kexp[ypon f (ypon, d)] - (51) By integrating both sides of the Poisson—
We thus have Boltzmann Eq. (2) fo.r the polyelectrolyte interior
from O to d, and noting that
ApK = pK,,, — pK
_ 1 dy R
~ 2303 x> %o, = — yponKad{l —f(ypon, d)},  (54)
1
= ~ 3303 /ponS won. 4, (52 \hich follows from Eq. (41), we obtain
{a(x)) M
2
d = — . (59)
sinh[ — ypon"f (¥pon, d)] — ypon "‘C% {1 —f(ypon, d)}
or, by using Eq. (53)
{a(x)) M
d= & (56)

Km
104PK _ 10— 4PK _ 2yDON;2- {1 — f(ypon,d)}

2
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This expression may facilitate a better analysis of
the solvent uptake by the polyelectrolyte.

In this paper we have considered a planar
model for polyelectrolytes. If the length d can be
considered to be a characteristic length of poly-
electrolytes of arbitrary geometry, then the pres-
ent treatment can be applied to other geometries.
For example, for spherical polyelectrolytes and
cylindrical polyelectrolytes, d corresponds to their
radii.

The surfaces of biological cells are usually cov-
ered by a layer of polyelectrolytes. The thickness
of this layer (corresponding to d) is typically of the
order of 10 nm. The theory presented in this paper
would also be useful to study the electric proper-
ties of the charged surface layers of biological
cells.
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